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Abstract
Recently, an extension of teleparallelism to a Weyl geometry which allows us to easily establish
conformal invariance and “geometrize” electromagnetism has been presented. In this paper, I
extend a result which concerns the existence of the Schwarzschild solution to a particular class of
this extension. In addition, I obtain the field equations of some models based on this extension,
including the one which is equivalent to Einstein’s field equations with a massless scalar field.
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I. INTRODUCTION
Since the advent of general relativity (GR), many new theories of gravity which attempt
to generalize or give a different viewpoint of GR have appeared in physics [1–4]. Some of
them are based on non-Riemannian geometries such as Riemann-Cartan and Weyl geometry.
Among those theories, there is a particular class called teleparallelism [4], which corresponds
to a very peculiar case of the Riemann-Cartan geometry (Weitzenbo¨ck spacetime) and has
brought the attention of many physicists, including Einstein himself, who invented GR.
Unlike GR, teleparallelism is based on the assumption that the curvature of the spacetime
vanishes while the torsion tensor plays the role of gravity. These assumptions lead to the
concept of distant parallelism, which is basically the existence of a rigid frame. Although,
in some sense, this frame can be seen as a “privileged frame”, teleparallel models can be
constructed in a frame independent way [5].
In the framework of teleparallelism, one can construct conformal theories and even a
theory that is equivalent to GR, the so-called “teleparallel equivalent of general relativ-
ity” (TEGR). This means that we have a significant degree of freedom in this framework.
Nonetheless, it was shown in Ref. [6] that it is possible to take a richer approach by relax-
ing the teleparallel condition (distant parallelism) and assuming the existence of a peculiar
nonmetricity tensor.
A very important result concerns the existence of a class of teleparallel models wider
than TEGR that possesses the same solutions as GR does for a vast number of spacetimes,
including all spacetimes that can be diagonalized by means of a coordinate change [7]. In
this paper, I extend this result to what I call “Weyl teleparallel theory” (WTT) and obtain
the field equations of a very general model. I also exhibit the WTT which is equivalent to
Einstein’s field equations with a massless scalar field.
The notation and conventions used throughout this paper is shown in Sec. II, while a
brief introduction to teleparallel theories is given in Sec. III. The results of this paper are
all presented in Secs. IV and V, and some final remarks are left to Sec. VI.
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II. NOTATION AND CONVENTIONS
Here I set the notation and conventions used throughout this paper. Let us start with
the notation. The holonomic and anholonomic indices are denoted by Greek and Latin
letters, respectively. The tetrad fields are represented by ea (frame) and e
a (coframe), whose
components in the coordinate basis are denoted by e µa and e
a
µ, respectively. As usual,
the coordinate basis is denoted by ∂µ, which stands for ∂/∂x
µ with xµ being a certain
coordinate system. The components of the metric tensor in the tetrad basis are ηab =
diag(+1,−1,−1,−1), while the ones in the coordinate basis are denoted by gµν . I use
square brackets around indices to represent the antisymmetric part of a tensor and round
ones to indicate the symmetric part.
Let M be a manifold endowed with a metric g, a linear connection ∇, and a Weyl 1-form
σ. Let V, U,W be vectors belonging to the tangent bundle ofM . The torsion tensor T (V, U),
the curvature R(V, U)W , and the Weyl 1-form σ are defined as follows:
T (V, U) ≡ ∇V U −∇UV − [V, U ], (1)
R(V, U)W ≡ ∇V∇UW −∇U∇VW −∇[V,U ]W, (2)
σ(V )g ≡ ∇V g. (3)
Unless stated otherwise, the components of these tensors are defined as T abc ≡< e
a, T (eb, ec) >
and Radbc ≡< e
a, R(eb, ec)ed >. In these definitions, I am using the standard convention
< df, ∂µ >= ∂µf , where f is an arbitrary function.
The definition of nonmetricity and Weyl 1-form vary a little bit in the literature. For
instance, in Ref. [2], the authors define them in such way that the nonmetricity 1-form Qab
is related to σ through the expression Qab = −ηabσ, while their Weyl 1-form, denoted by Q,
is Q = −σ. Here, I have adapted their index notation to mine. One can easily check these
relations by using equations (3.8.1) and (3.8.2), page 35, of Ref. [2].
III. TELEPARALLEL THEORIES
Teleparallel theories are based upon the assumption that the curvature of spacetime is
zero and gravity is described by the torsion tensor. As a result, there exists an anholonomic
frame ea in which the affine connection coefficients vanish, which is a peculiar feature of the
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Weitzenbo¨ck spacetime. These assumptions can be written as
∇eaeb = 0 (4)
and
T (ea, eb) = −[ea, eb]. (5)
The Lagrangian of a “general” teleparallel model can be written in the form
T ≡ a1T
abcTabc + a2T
abcTbac + a3T
aTa, (6)
where Ta ≡ T
b
ba.
From Eq. (5), we obtain
T abc = 2e
µ
b e
ν
c e
a
[ν, µ]. (7)
It is well known that the Lagrangian
T˚ ≡ −
1
4
T abcTabc −
1
2
T abcTbac + T
aTa, (8)
which corresponds to the TEGR model, is equivalently to that of GR. Therefore, the choice
a1 = −1/4, a2 = −1/2, and a3 = 1 corresponds to a very special case of T .
Since the field equations of both TEGR and GR are the same, they have the same
solutions in vacuum. As a result, the TEGR agrees with all experiments performed so far.
IV. WEYL TELEPARALLEL THEORY
It was pointed out in Ref. [7] that the teleparallel model characterized by a3 = 1 and
a2 = −1 − 2a1, with a1 arbitrary, has the same vacuum field equations as GR does for any
spacetime that can be diagonalized by a coordinate change. Here I extend this result to the
WTTs. But first, let us see some fundamental features of these models ( for more details,
see Ref. [6]).
The WTT is probably the simplest generalization of teleparallelism to a Weyl geometry.
It is not a teleparallel theory because, for a non-integrable Weyl geometry, there is no frame
that satisfies (4). Nonetheless, there is a frame ea which satisfies
∇ebea = −
1
2
σbea, (9)
where ∇ is the affine connection, and σ is the Weyl 1-form [8].
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In this kind of theory, we can represent Weyl transformations through the changes
e˜a = e
−θea, σ˜ = σ + 2dθ, (10)
where θ is an arbitrary scalar function, d is the exterior derivative operator, and the tilde
represents quantities in another Weyl frame. It is easy to verify that Eq. (9) is invariant
under the transformations (10). However, the WTT models considered here are not invariant
under these transformations.
As shown in Ref. [6], the Lagrangian
•
T =
(
−
1
4
Tˆ abcTˆabc −
1
2
Tˆ abcTˆbac + Tˆ
aTˆa +
3
2
σaσ
a − 2σaTˆ
a
)
(11)
is equivalent to that of GR, where Tˆ abc is the torsion components. In the Weyl frame (ea, σ),
these components take the form
Tˆ abc = 2e
µ
b e
ν
c e
a
[ν, µ] + σ[c|δ
a
|b]. (12)
It follows that
Tˆ aTˆa = 4e
µ
a e
β
b g
ανea[ν,µ]e
b
[α,β] + 6e
µ
a σ
νea[ν,µ]
+(9/4)σaσ
a, (13)
Tˆ abcTˆabc = 4g
µβgανea[ν,µ]ea[α,β] + 4e
µ
a σ
νea[ν,µ]
+(3/2)σaσ
a, (14)
Tˆ abcTˆbac = 4e
µ
b e
β
a g
ανea[ν,µ]e
b
[α,β] + 2e
µ
a σ
νea[ν,µ]
+(3/4)σaσ
a. (15)
One can generalize the Lagrangian
•
T by taking the following arbitrary combination
Tˆ = a1Tˆ
abcTˆabc + a2Tˆ
abcTˆbac + a3Tˆ
aTˆa + a4σaσ
a
+a5σaTˆ
a. (16)
A. Diagonalizable metric
From Eqs. (14) and (15), we see that the terms with σ in Tˆ abcTˆabc − 2Tˆ
abcTˆbac cancel
out independently of the tetrad field. As we shall see next, this fact allows us to ensure the
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equivalence between the Lagrangians Tˆ and
•
T for a diagonalizable metric without imposing
any restriction on σ.
By imposing a3 = 1, a2 = −1− 2a1, and Tˆ =
•
T , we arrive at
T abcTabc − 2T
abcTbac +
a4 − 3/2
1/4 + a1
σaσ
a +
a5 + 2
1/4 + a1
σaTˆ
a = 0, (17)
where I have already assumed that a1 6= −1/4 and used Tˆ
abcTˆabc − 2Tˆ
abcTˆbac = T
abcTabc −
2T abcTbac. Remember that T
a
bc is the Weitzenbo¨ck torsion, which is given by Eq. (7).
If we assume that the metric is diagonalizable, then T abcTabc = 2T
abcTbac [7]. In this case,
Eq. (17) reduces to
(a4 − 3/2)σaσ
a + (a5 + 2)σaTˆ
a = 0. (18)
From Eq. (18), we see that it is natural to choose a4 = 3/2 and a5 = −2. In this case, the
Lagrangian Tˆ will yield the same field equations as
•
T does for diagonalizable spacetimes.
This means that, for this kind of spacetime, the model (16) with a3 = 1, a2 = −1−2a1, a4 =
3/2, and a5 = −2, possesses the same solutions as GR. The models with these parameters
can be considered a generalization of the so called “new general relativity” [9].
Let us now analyze the possibility of other combinations of a4 and a5 that satisfies Eq.
(18). From Eq. (12), we see that
σcT
c = 2σνe µa e
a
[ν,µ] +
3
2
σcσ
c. (19)
By comparing Eq. (19) with (18) and considering σ as independent of the tetrad, we may
conclude that there will not be any other choice for a4 and a5, unless the first term on the
right-hand side of Eq. (19) vanishes. One can easily check that this term is not zero for an
arbitrary diagonal metric.
V. FIELD EQUATIONS
The Lagrangian (16) can be split into two parts
Tˆ = T +W, (20)
where
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T = 4
(
a1g
µβηab + a2e
β
a e
µ
b
+a3e
µ
a e
β
b
)
gανea[ν,µ]e
b
[α,β], (21)
W = 2Ae µa σ
νea[ν,µ] + (3/4)Bσaσ
a, (22)
with
A ≡ 2a1 + a2 + 3a3 + a5, B ≡ 2a1 + a2 + 3a3 + 4a4/3 + 2a5. (23)
Note that W accounts for all terms with σ. Note also that the constants A and B vanish
for a3 = 1, a2 = −1 − 2a1, a4 = 3/2, and a5 = −2.
From the Lagrangian (20), we can write the field equations obtained from the variations
with respect to the metric in the form
Tˆ
θψ ≡
1
e
δeTˆ
δgθψ
= Tθψ +Wθψ, (24)
where Wθψ is the part that accounts for the Weyl field, and e is the determinant of the
tetrad field.
A. Field equations for independent variations of gµν and σµ
Treating the variations δgµν and δσµ as independent, we get
T
θψ =
1
2
[gθψT + ec(ψ|I |θ)c − e
λ
a e
a
λ,σe
c(ψ|I |θ)σc − e
c(ψ|I |θ)σc ,σ] (25)
and
W
θψ =
1
2
[gθψW + ec(ψ|W |θ)c − e
λ
a e
a
λ,σe
c(ψ|W |θ)σc − e
c(ψ|W |θ)σc ,σ], (26)
where
I λc = −8
[
2a1e
(µ|
c g
λ|β)gανηab
+
(
a2e
β
a e
λ
b + a3e
λ
a e
β
b
)
e µc g
αν
+
(
a2e
β
a e
µ
b + a3e
µ
a e
β
b
)
e (α|c g
λ|ν)
]
ea[ν,µ]e
b
[α,β], (27)
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I λσc = 8
(
a1g
ν[λ|gµ|σ]ηac + a2e
[σ|
a g
ν|λ]e µc
+a3e
[σ|
c g
ν|λ]e µa
)
ea[ν,µ], (28)
W λc = 2AL
λνµα
ca σαe
a
[ν,µ] − (3/2)Bσcσ
λ, (29)
W λσc = 2Ae
[σ
c σ
λ]. (30)
The term L λνµαca in Eq. (29) has been defined as
L λνµαca ≡ e
[ν|
a g
λ|µ]e αc + e
[ν|
c g
α|µ]e λa + e
[ν|
a e
|µ]
c g
λα. (31)
The objects (27)–(30) have been defined as I λc ≡ ∂T/∂e
c
λ, W
λ
c ≡ ∂W/∂e
c
λ, I
λσ
c ≡
∂T/∂ecλ,σ and W
λσ
c ≡ ∂W/∂e
c
λ,σ. From the expressions (27)–(31), it is clear that these
objects can be regarded as tensor components if we use Eq. (12) to rewrite ea[ν,µ] in terms
of Tˆ aµν and σ. Of course, in an arbitrary tetrad field both T
θψ and Wθψ will depend on σ.
By varying eTˆ with respect to σα, one obtains
W α ≡
δTˆ
δσα
= 2Ae µa g
ανea[ν,µ] +
3
2
Bσα, (32)
which can be rewritten in the form
W α = ATˆ α +
3
2
(
4
3
a4 + a5
)
σα. (33)
The field equations of teleparallel theories can be obtained by setting σ = 0 , while
Einstein’s field equations can be obtained by setting a1 = −1/4, a2 = −1/2, a3 = 1,
a4 = 3/2, and a5 = −2. The field equation (24) is also equivalent to Einstein’s one for the
values a3 = 1, a2 = −1−2a1, a4 = 3/2, and a5 = −2 when g is diagonalizable. These results
were checked using Eqs. (25)–(31).
It was shown in Ref. [6] that when we add the term 4RµνRµν , where Rµν = R
λ
µλν ,
to the Lagrangian (11) and identify σ with twice the electromagnetic potential, we obtain
Einstein’s field equations with the Maxwell energy-momentum tensor. Putting this together
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with the result of Sec. IVA, we conclude that if we add the term 4RµνRµν to the Lagrangian
(16) and take a1 = −1/4, a2 = −1 − 2a1, a3 = 1, a4 = 3/2, and a5 = −2, we will have a
model with the same solutions as GR does in the presence of electromagnetic field whenever
the spacetime can be diagonalized.
B. The WTT model that is equivalent to a massless scalar field in GR
Now I construct a WTT model which yields the field equations of GR coupled with a
massless scalar field. To achieve that, I consider an integrable Weyl geometry and regard a
scalar field ϕ as independent of gµν . In this case, the Weyl 1-form is assumed to be given by
σµ = ϕ,µ. It is clear, then, that σ remains independent of gµν , although the variations now
are taken with respect to g and ϕ.
In this new approach, Eq. (24) remains the same. However, Eq. (33) changes when we
perform the variation of eTˆ with respect to ϕ rather than σµ.
If we assume that A vanishes and a1 = −1/4, a2 = −1/2, and a3 = 1, we will have
a5 = −2; nonetheless, the parameter a4 remains arbitrary. These assumptions implies that
the tensor (25) equals minus the Einstein one. From Eqs. (22), (25), (26), (29) and (30),
we see that Eq. (24) can be rewritten as
Gµν = −
3
4
B
(
σµσν −
1
2
gµνσµσ
µ
)
, (34)
where Gµν is the Einstein tensor in terms of the Levi-Civita symbols. Note that B is not
necessarily zero, since a4 remains arbitrary.
The variation of (20) with respect to ϕ yields
ϕ = 0, (35)
where  is the d’Alembertian operator, which is also written in terms of the Levi-Civita
symbols.
The field equations (34) and (35) are the Einstein field equations with a massless scalar
field. Their spherically symmetric solution is well known in the literature [10]. Furthermore,
it has been shown that the presence of the scalar field does not change the solar-system
experiments for a large range of values of the coupling constant[11] [12].
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VI. FINAL REMARKS
With respect to the coupling of matter fields, it has been shown that the TEGR cannot
couple consistently with the Dirac spinor [5], unless one abandons the concept of absolute
parallelism for spinors by using the Riemannian connection when coupling a spinor field
with gravity [13]. Nonetheless, this inconsistency is not present in the models based on the
values a3 = 1, a2 = −1− 2a1, a1 6= −1/4 [see, e.g., p. 6 of Ref. [5] and Eq. (5) of Ref. [7]].
Perhaps the most interesting aspect of the WTTs is the facility to create theories which
are invariant under the transformations (10). Besides, as pointed out in Ref. [6], some
versions of the WTTs may be free from the “second clock effect”, even in the case of a
non-integrable Weyl geometry.
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